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ACCURATE APPROXIMATIONS OF SOME EXPRESSIONS 
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Abstract. The aim of this paper is to apply an original computation method due 
to Malesevic and Makragic Q to the problem of approximating some trigonometric 
functions. Inequalities of Wilker-Cusa-Huygens are discussed, but the method can 
be successfully applied to a wide class of problems. In particular, we improve the 
estimates recently obtained by Mortici [ij and moreover we show that they hold true 
also on some extended intervals. 
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1. Introduction 

In the reference [2] J. B. Wilker presented the inequality 


2 < 


(^) ! 


tan x 


for xE (0, 7r/2) and he asked for largest constant c in 


2 + cx 3 tan x < 


m 7 


, tan x r ~ 

H-for c > 0, 


( 1 ) 


( 2 ) 


and for x £ (0, n/2). Recently, Wilker inequality is a lot studied in different paper 
works. In the paper [ 1 ], J.S. Sumner, A.A.Jagers, M. Vowe, J. Anglesio 
proved the following double inequality 


16 "3 

2 H—jar tana: < 




, tanx „ , 8 3 . 

-< 2 H- x tan x , 

x 45 


( 3 ) 


for x £ (0,7t/2). In the paper jjj, C. Mortici has proved the following two 
statements: 


Theorem 1.1. For every x£(0, 1) we have: 


(I-“(*)) 


x tan x < 


(^) 2 


tan x 


<2 + 


— b (a;)^ x 3 tan x, (4) 


where a(x) = —x 2 , b(x) = — x 2 — 16 a: 4 . 
w 945 w 945 14175 
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Theorem 1.2. For every x G — X, ^ * n ^ e ft~dand side and for every 
xg(^ — i, m t/ie right-hand side the following inequalities are true: 


2 + 

(16 , A 

3 i ( sina?\ 

2 , tan x 

n , / 16 . 7 / \ 

h +c K) 

x tana; < 1 - 1 

+ 

X 

<2 + [— + d(x) 

where 

c(x) 

/160 16 N 

\ ( 7V \ 7 / \ 

/160 16 

)(H + (“- 

V 7T 5 7T 3 / 

) { 2 ~ x ) > a(x) = 

V 7T 5 7T 3 


a ; 3 tan a;, (5) 


DG 


Theorem 1.1. and Theorem 1.2. describe a subtly analysis of Wilker inequality 
by C. Mortici. The method of proving inequalites in this paper was given 
in the paper [fj and it is based on use of appropriate approximations of some 
mixed trigonometric polynomials with finite Taylor series. The method presents 
continuation of method of C. Mortici presented in [4ij. The method from the 
paper [b] was applied in papers b} and 0 on inequalities which are closely 
related. 

2. The Main Results 


The main purpose of our paper is to extend the intervals defined in theorems 
given by C. Mortici |4j- More precisely, we extend the domains (0,1) and 
- — - 1 from the previous theorems to (0, - ). We give the next two state¬ 


ments. 


Theorem 2 


.1. For every x€ ^0, the following inequalities are true: 


(S-“(*)) 


x tan x < 


(=) 2 


tana? 


< 


2 + ^ — b\ (a;)^ x 3 tanx, (6) 


where alx) = — x 2 , b\(x) = — x 2 — - x 4 and a = 

w 945 v ' 945 14175 

17.15041... . 


4807T 6 —403207T 4 +3628800 


Theorem 2 


.2. For every xG ^0, ^ the following inequalities are true: 


2 + 4 - c a ; 3 tana; < ^ fillip + < 2 + + d (x)^ x 3 tana;, (7) 

where 

—)+(“ - 5) (f —)*- 

In Q is considered a method of proving trigonometric inequalities for mixed 
trigonometric polynomials: 


/( x) = y>^cos^shWa: > 0, (8) 

i=1 

for x G (J 2 ,(Ji), 82 < 0 < <5i, where cti G R\{0}, pi, qi , rjGNo and nGN. One 
method of proving inequalities in form (|5]) is based on transformation, using the 
sum of sine and cosine of multiple angles. 
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Let us mention some facts from Q. Let p> : [ a,b ] — > R be a function which 
is differentiable on a segment [a, b] and differentiable arbitrary number of times 
on a right neighbourhood of the point x = a and denote by T^ l ,a (x) the Taylor 
polynomial of the function ip(x) in the point x = a of the order m. If there 
is some 77 > 0 such that holds: T£’ a (x) > <p(x), for x £ (a, a + 77 ) C [a, b ]; then 
let us define T^ a (x) = T£’ a (x) and T^ a (x) present an upward approximation 
of the function <p(x) on right neighbourhood (a, a + 77 ) of the point a of the 
oreder m. Analogously, if there is some 77 > 0 such that holds: T^ a {x) < <p(x), 
for x £ (a, a+ 77 ) C [a, &]; then let us define T„ a (a;) = T^’ a (x) and T^ a (a:) present 
a downward approximation of the function <p(x) on right neighbourhood (a, a+ 77 ) 
of the point a of the order to. Let us note that it is possible to analogously define 
upward and downward approximations on some left neighbourhood of a point. 
According to the paper [5[ following Lemmas are true: 


(n- 1 )/ 2 , 


Lemma 2.3. 


(— 1 yt 2i+1 

(i) For the polynomial T n (t ) = 7 —-—, where n = Ak + 1, 

( 2z + 1 ) ! 

k £ Nq, it is valid: 


( 


Vt £ [0, yj(n + 3)(n + 4) T n (t) > T n + 4 ft) > sint, 
(Vt £ [-\/(n + 3)(n + 4), 0]) T n (t) < T n+ 4 (t ) < sint. 


(9) 

( 10 ) 


For the value t = 0 the inequalities in © and (dsn turn into equalities. For the 
values t = ±y/(n + 3)(n + 4) the equalities T n {t) = T n+ 4 (t) and T_ n {t) = T_ n+ 4 {t) 
are true, respectively. 

(n-l)/ 2 ( j\j^2i+l 

(ii) For the polynomial T n (t ) = 7 — 7 --- 7 -, where n = 4fc + 3, k £ No, it is 

(2 1 + lj! 


valid: 


i =0 


(Vt S [0, \/(n + 3)(n + 4) T n (t) < T n+ 4 (f) < sint, 
(vt £ [- v / (« + 3)(n + 4), 0]) T n (t) > T n+i (t) > sint. 


(ID 

( 12 ) 


For the value t = 0 the inequalities in (HD and m turn into equalities. For the 
values t = ±yj ( n + 3)(n + 4) the equalities T_ n (t) = T„ +4 (t) and T n (t) = T n+4 (t ) 
are true, respectively. 

Let us notice that for the function sin x we have following order: 
li n '\x) < r s 7 in ’°(x) < T^'°{x) < T^’^x) < ... < sinx < ... 

< rty\x) < r 9 in ’°(x)<r 5 in ’°(x) < rt n ’\ x ) for x e[o,vw] . 

n / 2 

Lemma 2.4. (i) For the polynomial T n (t ) = — 77777 - 1 —, where n = Ak, k£ No, 


(13) 


i—O 


( 2 *)! 


it is valid: 

(vt £ [— \/(n + 3)(n + 4), yj (n + 3)(n + 4) ]^ T n (t) > T n + 4 (t) > cost. (14) 
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For the value t = 0 the inequality in (m turns into equality. For the values 
t = (n + 3)(n + 4) the equality T n (t ) = T n+ ±(t) is true. 

n / 2 

(ii) For the polynomial T n (t) = \ —-———. where n = 4/c+2 ? &ENo, it is valid: 

z ^ (2z)! 

2=0 V ' 

(wt G [— + 3)(n + 4), -\/(n + 3)(n + 4) T n (t) < (15) 

For the value t = 0 inequality in (USD turns into equality. For the values 
t = ±V(n + 3 )(n + 4) the equality T_ n {t) = T n+4 (f) is true. 

Let us notice that for the function cos a; we have following order: 


Tl os ’\x)<Tl os \x)<T^’°{x)<Tll sfi (x) < ... < cosx < ... 


-6 W — 

cos,0/ \ —cos,0 , x — cos,0 , x —coSjO^ 


, 7 =cos,u / x ■= cos,u, x —cos,u , x ■= cos,u, x r r „ /T771 

<T 12 (a:)<T g ( x)<T A ( x)<T 0 (x) for x€ [ 0, VT2 J . 

Proofs of previous Lemmas given above are presented in the paper 0. 


( 16 ) 


3. Proofs 

In order to prove Theorem 2.1. and Theorem 2.2. we will separately observe 
left and right sides of inequalities. 

The proof of Theorem 2.1. 

Transforming inequality © we have following considerations. 

(A) Proving the left side of inequality 

\ 2 tan x 


2 + (J - “(*)) ^ tana: < (^) + 


(17) 


for x€ ^0, (0. The inequality G3 is equivalent to the mixed trigonometric inequality 
f(x) = 1 — 8a: 2 + hi (a;) cos 4a: + h ,2 (x) cos 2a: + /i 3 (a:) sin 2r 

g ( 18 ) 

= 1 — 8a: 2 — cos 4*—8o; 2 cos2a;+ (ax —4 — a(x)^ x sin 2a: >0, 

for a:£ ^0, , and hi (a;) = — 1 < 0, ti 2 (x) = —8x 2 <0, h, 3 (a:) = 4o; — 4 — a(x)'j x 5 . 

Now let us consider two cases: 

(A/I) *6(0,1.57] Let us determine sign of the polynomial hz{x). As we see, that 
polynomial is the polynomial of 7 th degree 

h 3 (x) = Pr{x) = 4x — 4 ( — «(a:)') x h = x 7 — — x 5 + 4a:. (19) 

V 45 / 945 A c 


45 


Using the factorization of the polynomial Pr[x) we have 


where 


Pt(x) = -^—x(8x 6 — 168a; 4 + 945) = -^—xP^tx), 
K ’ 945 V ' 945 V ’ 


P 6 (x) = 8x 6 - 168a: 4 + 945, 


( 20 ) 

( 21 ) 
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for x £ (0,1.57]. Introducing the substitution s = x 2 we can notice that the polynomial 
Pe(x) can be transformed into polynomial of 3 rd degree 

P 3 (s) = 8s 3 - 168s 2 + 945, (22) 

for s £ (0,2.4649]. Using MATLAB software we can determine the real numerical 
factorization of the polynomial 

P 3 (s) = a(s - si)(s - s 2 )(s - s 3 ), (23) 


where a = 8 and where 

si = -- (18172+84/ V2U95 ) 1/3 - 


98 


(18172 + 84/^21495) 


1/3 


+ 7 


392 


+ l (18172+84/^21495) 1/3 - — 

\ 3 (18172 + 84/ V21495J 


= -2.253..., 

s 2 = -I (18172+84/V2l495) 1/3 - 


98 


(l8172 + 84/V21495) 
3 ( i (18172+84/^21495) 1/3 - 


1/3 

392 


+ 7 


= 2.528..., 


3 (18172 + 84/1/21495) 


1/3 


s 3 = i (18172+84/v/21495) 1/3 + -- — 


= 20.724...: 


(18172+84/V21495) 


+ 7 


(24) 


for I = %/—T (imaginary unit). The polynomial P 3 (s) has exactly three simple real 
roots with a symbolic radical representation and corresponding numerical values si, 
S2, S3 given at 01. Since P 3 ( 0) > 0 it follows that P 3 (s) > 0 for s £ (si,S2), so we 
have following conclusions: 

P 3 (s)>0 for s £(0, 2.4649] C (si,s 2 ) 

=> P 6 (x)>0 for x£(0,1.57] C (0 1V ^) (25) 

=+ P7(x)>0 for x £ (0,1.57] C (0, yfsi) ■ 
where ^fs 2 = 1.589 ... > 1.57. 

According to the Lemmas 2.3. and 2.4. and description of the method based on m 
and Cl), the following inequalities: cosyKT^’ (y) (fc = 20), cosi/<Tfc° s ' (y) (fe = 16), 
sin y>T^ n ’°{y) (fc = ll) are true, for t/£ ( 0 , \J {k + 3)(fc + 4)) . For x £ (0, 1.57] it is 
valid: 

fix) > Q 2 o(*) = 1 - 8x 2 -1^o’\4x)-8x 2 tIT 0 (2x)+P 7 (x)T:™’ 0 (2x), (26) 

where Q 2 o(*) is the polynomial 

Q2o(x) =-—-x 10 (262144a; 10 - 5203625a; 8 + 69322260a; 6 

9280784638125 V 

-665557650a; 4 + 3412527300a; 2 - 5237832600) ( 27 ) 

=-—-a; 10 Qio(a;), 

9280784638125 

for x£ (0,1.57]. Then, we have to determine sign of the polynomial 

Qio(a:) = 262144a; 10 - 5203625a; 8 + 69322260a; 6 - 665557650a; 4 

2 ( 28 ) 

+3412527300a; 2 - 5237832600, 
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for *£ (0,1.57], which is the polynomial of 10 th degree. By substitution t = x 2 we can 
transform the polynomial Qio(x) into polynomial 

Qa{t) = 2621441 5 - 5203625f 4 + 69322260t 3 - 665557650f 2 
+34125273001 - 5237832600, 


(29) 


for f £ (0,2.4649]. The first derivate of the polynomial Qs(t) is the polynomial of 4 t/l 
degree 

Qg(£) = 13120701 4 —208145001 3 +2079667801 2 -13311153001+3412527300. (30) 

Using MATLAB software we can determine the real numerical factorization of the 
polynomial 

Qs{t) = a(l 2 +Pit + </i)(l 2 +P 2 t + q 2 ), (31) 

where a = 1310720, pi = -11.655..., qi = 34.966..., p 2 = -4.224..., q 2 = 
74.457.... Also, holds that inequalities p\ — 4qi < 0 and p\ — 4q 2 < 0 are true. 
The polynomial Qs(t) has no real roots. Let us remark that roots and constants pi, 
gi, p 2 , q 2 can be represented in symbolic form. The polynomial Qs(t) is positive func¬ 
tion for t£R therefore the polynomial Qs(t) is monotonically increasing function for 
1 £ R. Further, the function Qs(t) has real root in ai = 2.464993 ... > 2.4649 and 
<25(0) < 0, so we have that the function Qs(t) < 0 for 1 £ (0,ai) which follows that 
the function Qio(x) < 0 for *£ (0,1.57]. 

After all we can conclude following: 


(32) 


Let us remark that we can easily calculate the real root a 1 of the polynomial Qs(t), 
and with arbitrary accuracy because Qs(t) is a strictly increasing polynomial function. 
This also determines x* = = 1.570029 ... (> 1.57) as the first positive root of the 

polynomial Q 2 q{x) defined at ( 1271 ) . 

(A/II) x £ (^1.57, ^ Let us define the function: 

/(*) = f =1 — 8 — *) + hi(x) cos4x+ h 2 (x) cos 2x + 1 ) 3 ( 0 :) sin 2x 


Qio(*) < 0 

for 

*£(0,1.57] 

Q2o(x) > 0 

for 

*£(0,1.57] 

f(x) > 0 

for 

*£(0,1.57] 


1-8 

/ 7T N 

\ 2 

/ 7T V 

(- X 

) — cos 4* + 8 

(- X ) 


\ 2 / 

V 2 ) 

+ (4 ( 

:i-) 

-<(£-•( 

i-)) 


cos 2x 


(33) 


7T 7T 1 57 /v. ^ 

where x £ (0, ci) for ci =-1.57 =--— (= 0.00079 ...) and/u(x) = —1 <0, h 2 (x) = 

8 (i -*) 2> °M x ) «*(£-*) ~ X )){1- X Y- 

We are proving that the function /(*) > 0. 

Again, it is important to find sign of the polynomial hz(x). As we see, that polynomial 


degree 

or 




32 7 

16 6 , 

/32 

8 2 ' 

\ 5 / 

-* + 

-7T* + 

— 

-7T 

* + - 

945 

135 

V45 

45 . 

/ V 

(16 2 

2 4 \ 3 

, ( 

8 3 

1 5\ 2 

- -7T - 

-7T * 

+ ~ 

--7T + 

—n )x 

V 9 

27 / 

V 

9 

45 / 


16 
— 7 
9 


4 + 3 ) 

-7T 

27 ) 


(34) 


+ (-4+-7T 4 -— 7T 6 ) 
V 9 270 / 


„ 1 5 1 7 

x + 2n - 7 r H- -k. 

45 3780 
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Using the factorization of the polynomial A(x) we have 

A(x) = (-2x + 7r) ^64 x 6 - 192ttx 5 + (240tt 2 - 1344) x 4 

+ (-1607r 3 + 26887r) x 3 + (607t 4 -20167t 2 ) x 2 + (-12 7 r 5 + 6727r 3 ) x 

+7T 6 - 84-7T 4 + 756o) = — (-2x + t r) A(A> 

/ 3780 ’ v ’ 

where 

A (A = 64x 6 - 192 ttx 5 + (240tt 2 - 1344) x 4 + (-160 tt 3 + 2688tt) x 3 
+ (607T 4 -20167r 2 ) x 2 +(-127r 5 + 6727r 3 ) x+7r 6 -847r 4 + 7560, 

for x£ (0,ci). The second derivate of the polynomial A (A is the polynomial of 4 th 
degree 

A (A = 1920x 4 -38407rx 3 + (28807r 2 -16128) x 2 
+ (-960tt 3 + 16128A x+ 120tt 4 - 4032tt 2 . 

Factorization of A (A is given by 

Pe\x) = 24 (20x 2 -207rx + (57r 2 -168))(7r-2x) 2 = 24 (tt-2x) 2 A(x), (38) 

where 

A (x) = 20x 2 - 20ttx + (5tt 2 - 168) (39) 

is quadratic polynomial with two simple real roots: 

A(x) = a(x-xi)(x-x 2 ), (40) 


(35) 


(36) 


with values a = 20, Xi = —1.327 ...,*2 = 4.469 .... It holds that next inequalities 


are true 

A(x) < 0 for x£(0,ci) C (xi,x 2 ) 
==> A (A < 0 for x£(0, ci) C (xi,x 2 ). 


(41) 


Therefore, for chosen interval x £ (0,ci) the polynomial A (A bas no roots. Since 
A (0) < 0, the polynomial A (A is negative function for x £ (0, ci) and A (A is 
monotonically decreasing function for x£ (0, ci). 

Furthermore, as the polynomial A( c i) > 0 it follows that the polynomial A (A is 
positive function for x£(0, ci), and the polynomial A (A is monotonically increasing 
function for x£(0,ci). Because of A(0) > 0 we conclude following: 


A (A > 0 for x£(0,ci) 
A (A > 0 for x£(0,ci). 


(42) 


According to the Lemmas 2.3. and 2.4. and description of the method based on (14) 
and (17), the following inequalities: cos y < A° s '° {y)(k = 0) , cos y > T_™ s ’°{y)(k = 2), 
siny > T^ n ’°(y)(k = 3) are true, for y£ ^0, AA + 3) A + 4) j. For x£ (0, ci) it is valid: 


/(A = / (| - *) > Qio(A = 1 - 8 (t _ *) _ AT’Va 
+8 (I - x) 2 T 2 os ’°( 2x) + A(AZT’ 0 (2x), 


(43) 
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where Qio[x) is the polynomial 


/ 32 2 

64 \ 8 / 

' 16 3 , 

352 \ 

(-?r 

-* + 

- 7T + 

- 7T 

V 135 

63/ ' 

v 81 

135 / 


/ 8 4 368 2 64 \ g / 4 5 40 3 32 \ 

+ —7T 4 -7T H-+-7T 5 H-7T d -7T . 

\81 135 45/ V 135 27 9 / 


+ 


\ 405 

(-S 


135 

1 

5670 


-7T 4 H-7T 

9 9 

+ ^7T 4 —47T 2 
9 


s). 


! ) 


\ 4 1 

/ -l 7 

, 2 5 

16 3 , 

40 \ 

) ar + 

- 7T 

H- 7T° 


— 7r 

V 2835 

27 

9 

3 ) 


1 7 

- 7T — 

2 ^5 
- 7T 

+ 47T^ X 


1890 

45 



(44) 


X (~2x + 7T ) Qg(x). 


Then, we have to determine sign of the polynomial 


Qs(x ) = 128* 8 —3847ra; 7 +(4807r 2 — 2880) * 6 +(—3207r 3 + 59527r) x s 
+ (120tt 4 —4752tt 2 +4032) x 4 + (-24tt 5 + 1824tt 3 -8064tt) a; 3 
+ (27 t 6 — 3487T 4 + 6048-7T 2 — 30240) x 2 + (367r 5 -20167r 3 + 22 6 807r) x 
-3tt 6 + 252?r 4 - 22680, 


for x £ (0, ci). The fourth derivate of the polynomial Qg(x) is the polynomial of 4 th 
degree 

Qg V \ x ) = 215040a: 4 - 32 25607ra 3 + (172800 tt 2 - 1036800)a; 2 

+ (-38400tt 3 + 7142 407r)a: + 2880 tt 4 - 114048tt 2 + 96768. 

Using MATLAB software we can determine the real numerical factorization of the 
polynomial 


Qg v \x) = a(x — xi)(x — 2 : 2 X 2 : — xg){x — 2 : 4 ), (47) 

with values a = 2.15... 10 5 , 2:1 = —0.976..., X 2 = 0.674..., X 3 = 1.505..., 0:4 = 
3.509 ... The polynomial Qg V \x) has exactly four simple real roots with a symbolic 
radical representation and the corresponding numerical values: xi, X2 , X3 , X4 . There¬ 
fore, the polynomial Qg V \x) has no roots for x £ (0, ci). Since Qg V ^(0) < 0, we can 
conclude that the polynomial Qg‘ v ‘ > (x) is negative function for x £ (0, ci), which follows 
that the function Q s (a;) is monotonically decreasing for x £ (0,ci). Doing the same 
procedure for all derivates up to Qg{x) we have the following: 

Qs (ci) > 0 : Q g (x)>0 for x€(0,a) => Qs (x) /■ for x£(0,ci), 

Qs (ci) < 0 : Q 8 (a;)<0 for a:£(0, ci) => Qs(x) \ for a;£(0,ci), (48) 

Qg(ci) >0 : Q s (a:)>0 for ie(0, ci) ==> Qg{x) /■ for a;£(0,ci). 

After all, we conclude following: 



Q 8 (a:) < 0 

for 

a;£(0,ci) 


Qio(a:) > 0 

for 

x€ (0,ci) 


fix) = f - x) >0 

for 

x€ (0, ci) 


fix) > 0 

for 

«(L57,0 


Hence we proved that the function f(x) is positive on interval x £ (0,1.57] we conclude 
that the function f(x) is positive on whole interval x€ ^0, ^. 


(B) Let us now prove the right side of inequality. If we write inequality in the 
following form 


/sinzN 2 tan* „ / 8 , . 7r\ 

( —) + — <2+ {45~ blix) ) X taUX fOT XG (°’2) 


where 


& i(z) = 7T7F - 


8* 2 ax* 480tt 6 - 40320tt 4 + 3628800 


:■ a = 


= 17.15041 .... 


945 14175 ’ 7T 8 

The inequality J50J is equivalent to the mixed trigonometric inequality 

/(*) = 8* 2 — 1 + hi(x) cos 4* + /i2(*) cos 2* + h 3 (x) sin 2x 

= 8x 2 — 1+cos4*+8* 2 cos 2*+(4 — fci(*)) x 5 —Ax') sin2* > 0, 


(50) 


(51) 


(52) 


for *G (0, ^), and hi(x) = 1 > 0, h 3 (x) = 8x 2 > 0, h 3 {x) = 4 (J? — bi(x)) x 5 — 4*. 
Now let us consider two cases: 


(B/I) x 6 (0, 1.53] Let us determine sign of the polynomial h 3 (x). As we see, that 
polynomial is the polynomial of 9 th degree 

h 3 (x) = Pg(x) = 4 —6i(*)') x 5 —4x= 4—-— x 9 --^-x 7 +—x 5 —4x. (53) 

w y J V 45 v V 14175 945 45 v ’ 

Using factorization of the polynomial Pg(*) we have 

P 9 (x) = -^ 7 -^(-2* + 7r)(7r + 2*)((87r 6 - 6727r 4 + 60480)* 6 

+ (-168tt 6 + 15120tt 2 ) x 4 + 3780t rV + 945 tt 6 ) (54) 

= -^^(- 2x + 7r )( 7r + 2 x) p e(x), 

945 7 r° 

where 

P 6 (x) = (87r 6 -6727r 4 + 60480)* 6 + (-168Tr 6 + 151207r 2 )a: 4 + 37807r 4 * 2 + 9457r 6 , (55) 


for *G (0,1.53]. Introducing the substitutions = x 2 we can notice that the polynomial 
Pe{x) can be transformed into polynomial of 3 rd degree 


P 3 (s) = (87r 6 -6727r 4 + 60480)s 3 + (-1687r 6 + 151207r 2 )s 2 + 37807r 4 s+945Tr 6 , (56) 


s G (0, 2.3409]. Using MATLAB software we can determine the real numerical factor¬ 
ization of the polynomial 

P 3 (s) = a(s - si)(s 2 + ps + q), (57) 


where a = 2712.204 ..., si = —2.221 ..p = —6.751..., q = 150.759 ... whereby the 
inequality p 2 — 4q < 0 is true. The polynomial P 3 {s) has exactly one real root with a 
symbolic radical representation and corresponding numerical value si. Since -Pa(O) > 0 
it follows that P 3 (s) > 0 for sG (si, oo), so we have following conclusions: 


p 3 {s) > 0 

for 

sG (0,2.3409] C (si,oo) 


P 6 (x) > 0 

for 

zG (0,1.53] C 

(»’f) 

(58) 

Pq{x) < 0 

for 

x G (0,1.53] C 

( 0 . 1 ) ■ 



According to the Lemmas 2.3. and 2.4. and description of the method based on (14) 
and (17), the following inequalities: cos y > T™ s ’°(j/)(fc = 22), cos y > T^° s ’°(y)(k = 


9 






14), sin y < T^ 1 "’ 0 (y)(k = 13) are true, for y £ ^0, y/(k + 3 )(k + 4)j . For x £ (0,1.53] 
it is valid: 


f{x) > Q22{x) = ^x 2 -l+Sx 2 r r°t 0 ( 2 x)+T^’ 0 {Ax)+P 9 {x)Tt'\ 2 x), (59) 


where Q 22 {x ) is the polynomial 


Q22(x) = 


( -33554432 | 1024 4096 , 8192 

V 2143861251406875 + 5746615875?r 2 273648375 tt 4 + 6081075?r 8 

/ 140032 1024 4096 8192 \ m20 

+ V 343732764375 147349125?r 2 + 70166257r 4 155925?r 8 7 

787456 . 512 2048 . 4096 \ m i 8 


)x 22 


I X 


+ 


- + - 


- + - 


97692469875 2679075tt 2 127575?r 4 2835?r 8 7 

/ 4672 1024 4096 8192 \ 16 

+ V 39092625 ~ 297675?r 2 + 14175?r 4 ~ 315?r 8 7 X 


X 


+ - 


5888 


- + : 


512 


2048 4096 \ 14 

+ ~- o ) X 


(60) 


5108103 ' 141757T 2 675?r 4 15?r 8 7 

/ 2752 512 2048 40961 ^ 12 

+ V 467775 2835?r 2 + 1357T 4 3?r 8 7 X 


+ - 


(- 


128 


256 


14175 945?r 2 

64 

2143861251406875 w 8 


1024 2048\ 10 

457T 4 ?r 8 / 

1 X 10 Qi2(x). 


Then, we have to determine sign of the polynomial 


Q 12 (*) = (524288?r 8 -5969040?r 6 +501399360?r 4 -45125942400)a; 12 
+ (-13646556?r 8 + 232792560?r 6 - 19554575040 tt 4 
+1759911753600)a: 10 + (270011280?r 8 - 6401795400?r 6 
+ 537750813600?r 4 -48397573224000)a: 8 + (-4003360515?r 8 
+ 1152323172007T 6 — 96795146448007T 4 +871156318032000)a; 6 (61) 

+ (38612227500-7T 8 - 1209939330600?r 6 + 101634903770400?r 4 

- 9147141339336000)a: 4 + (-197073451575?r 8 +6049696653000?r 6 

— 5081745188520007T 4 +45735706696680000)a: 2 +30 248 483 2 6 507r 8 
-9074544979500?r 6 +762261778278000?r 4 -68603560045020000, 


for x £ (0,1.53], which is the polynomial of 12 th degree. Introducing the substitution 
s = x 2 we can notice that the polynomial Qi 2 {x) can be transformed into polynomial 
of 6 th degree 

Qe(s) = (524 2 887r 8 —5969040?r 6 + 5013993607r 4 —45125942400) s 6 

+ (—136465567T 8 + 23 27925607T 6 — 19554575040-7T 4 + 1759911753600) s 5 
+ (2700112807r 8 —64017954007r 6 +53 77508 136 007r 4 —48397573224000) s 4 
+ (-4003360515?r 8 + 115232317200?r 6 - 9679514644800 tt 4 
+ 871156318032000) s 3 + (38612227500?r 8 - 1209939330600?r 6 (62) 

+ 101634903770400?r 4 -9147141339336000) s 2 +(-197073451575?? 8 
+ 60496966530007r 6 -5081745188520007r 4 +45735706696680000) s 
+ 302484832650?r 8 -9074544979500 tt 6 +762261778278000?r 4 
- 68603560045020000. 
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for s£ (0,2.3409]. The second derivate of the polynomial Qe(x) is the polynomial of 
4 th degree 

Qe(s) = 30(524288tt 8 - 5969040tt 6 + 501399360tt 4 - 45125942400)s 4 
+ 20(-13646556 tt 8 + 232792560tt 6 - 19554575040tt 4 
+ 1759911753600)s 3 + 12(270011280 tt 8 - 6401795400?r 6 
+ 537750813600?r 4 - 48397573224000)s 2 + 6(-4003360515?r 8 (63) 

+ 115232317200-7T 6 - 9679514644800tt 4 + 871156318032000)s 
+ 77224455000?r 8 - 2419878661200?r 6 + 203269807540800?r 4 
- 18294282678672000. 

Using MATLAB software we can determine the real numerical factorization of the 
polynomial 


Qe (s) 


a(s - si)(s - s 2 )(s 2 +ps + q), 


(64) 


with values a = 8.853... 10 10 , si = —3.45..., s 2 = 5.381..., p = —9.49..., q = 
53.32 ... Also, holds that inequality p 2 — 4q < 0 is true. The polynomial Q 6 ( s ) has ex¬ 
actly two simple real roots with a symbolic radical representation and the correspond¬ 
ing numerical values: si, s 2 . Since we have that Q 6 (0) < 0 that follows Q 6 (s) < 0 for 
s£ (0,2.3409] C (si,s 2 ). 

Further, the function Q 6 (s) is monotonically decreasing function for s £ (0,2.3409], 
Qe(1.53) > 0 and has the first positive root for s = 2.472 ... which follows Qg( s ) > 0 
for s£ (0,2.3409]. 

The function Qe(s) is monotonically increasing for s£ (0,2.3409], has the first positive 
root b = 2.358 ... and holds Qg(l-53) < 0, which follows: 


Qe(s) < 0 

for 

s£ (0,2.3409] C (0, b) 

Qi 2 (x) > 0 

for 

*£(0,1.53] 

Q22{x) > 0 

for 

*£(0,1.53] 

f{x) > 0 

for 

*£(0,1.53]. 


(65) 


We can easily calculate the real root b of the polynomial Qe(s), and with arbitrary 
accuracy because of the monotonous increasing of the polynomial function. This also 
applies to x* = Vb = 1.53579 ... > 1.53 (and x * < —) which is the first positive root 
of the polynomial Q 22 (a:) defined at m- 

(B/H) x £ ^1.53, ^ Let us define the function 


f(x) = f (| -x 



^ = 8 —l+hi(x)cos4x+fi2(x) 


— 1 + cos 4x — ' 


— x ) cos 2x 


>(!-) 

(!-*))(!-*)'■- 4 (!-*)) 


cos 2x + h, 3 (x) sin 2x 


sin 2x, 


( 66 ) 


7T 7T 1 'SS 

where x £ (0, c 2 ) for c 2 =- 1.53 =-(= 0.04079...), and hi(x) = 1 > 0, 

v ' 2 2 100 v ' v ' 

h 2 (x) = 8 (^-xf > 0, hs(x) = 4 (|-&r (J-*)) -4 (^-x). 

We are proving that the function f(x) > 0. 
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Again, it is important to find sign of the polynomial hg(x). As we see, that polynomial 
is the polynomial of 9 th degree 


h 3 (x) = P 9 (x) = 4(|- 6l (^-,))(^-,) J -4(^- x) 

\ 5 


E (1 - x) - — (- - X) + (- — x) — 4 ( — — x) 

45 V 2 / 945 V 2 / + 14175 V 2 / V 2 / 


Let us determine the sign of the polynomial 


Pg(x) =- ^—^(x(n — x)('K — 2x)(n 12 — 12n 11 x + 60ir lo x 2 — 160TY 9 x 3 

9457r® V 

+2407r 8 a; 4 - 192 t? 7 3; 5 +64tt 6 x 6 - 168tt 10 + 1680tt 9 x - 70567? 8 a: 2 
+161287r 7 a; 3 - 2 1 5047?®a: 4 + 16128 t? 5 2; 5 - 5376t? 4 :e 6 +30240??® 
-181440t? 5 :e+6652 807? 4 :e 2 -1451520?r 3 + 1935360?? 2 ! 4 
— 14515207? a: 5 + 483840a; 6 )) 

= -^-gX('ir-2x)(n-x)P 6 (x), 


for x£( 0 ,C 2 ) where 


P 6 ( x) = (647?® — 53 767 T 4 +483840)a; 6 + (—1927? 7 + 161287? 5 — 14515207?)a; 5 
+(240 t? 8 - 21507?® + 193 53607? 2 )a; 4 + (-160?? 9 + 16128?? 7 
-145 15207? 3 )a: 3 + (60?? 10 - 7056?? 8 + 665280?? 4 )a; 2 + (-12 ?? 11 
— I 68 O 7? 9 - 18 14407? 5 )a; + 7? 12 - 168?? 10 + 30240??®. 


(67) 


( 68 ) 


(69) 


The second derivate of the polynomial Pe(x) is the polynomial of 4 th degree 

Pq (x) = 30(647?® — 53 767? 4 +483840)a; 4 +20(—1927? 7 +161287? 5 

—145 1 5207?)a; 3 + 12(240?? 8 - 21504??® + 1935360?? 2 )a; 2 
+6(-160?? 9 + 161287? 7 - 14515207? 3 )a; + 120?? 10 
-14112?? 8 + 1330560?? 4 . 


The polynomial P 6 (a;) has no real numerical roots for interval x £ (0, C 2 ) whereby 
the function P 6 ( x ) is positive function for x £ (0,C2). That further means that the 
function Pg(x) is monotonically increasing function for a;£(0, C 2 ). 

The function P 6 ( x) has root for 1 = ^, also holds that P 6 (c 2 ) < 0, so we can conclude 


that Pq{x) < 0 for x£ (0,C2) and the function Pe(x) is monotonically decreasing for 
x £ (0, C 2 ). The function P&{x) has no roots for x £ (0, C 2 ) and P&(c 2 ) > 0 so we have 
the following: 


P 6 (x) > 0 for a;£(0,C2) 
P 9 {x) < 0 for a;£(0,C2). 


(71) 


According to the Lemmas 2.3. and 2.4. and description of the method based on (14) 
and (17), the following inequalities: cos y > T_™ B ’°(y)(k = 2) , cos y < T C k S ’°(y)(k = 4), 
sin y < T^ n ’°(y)(k = 1) are true, for y£ ^0, y/{k + 3 )(k + 4)) . For a;£ (0, C 2 ) it is valid: 


f( x ) = /(f ~x) > Qio{x) =8 (^-®) -l+T 2 OS ’°( 4 *) 
-8 {^-x) 2 tT’°[2x) + P 9 (a;)T s 1 in ’ 0 (2x), 


(72) 
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where Qio{x) is the polynomial 


r, r \ I 2048 

Q row = —«— - 


256 


+ 


1024 


9457T 2 45tt 4 ) 


x 10 + 


64 1024 

+ 27 + 5tt 2 


18432 \ 


/ 128 512 9216 \ 

\ 1057T 57T 3 7T 7 / 

0 , , 3584 , 21504 , 352 

X + —- H-r-1-7T 

157r 7r 5 135 


(- 


(1552 16128 16 2 \ „ 

I -*" + 


V 9 
+ (16- 


(8064 104 3 3632 

----7T-7 




t 3 + 135^ 


45 


A. 28 4 2688 , 1124 2 \ 4 , ( 2 5 , 576 208 

V 135 7r 2 45 / V 63 7r 45 

167t'):e 3 + (—72 -——7T 8 + —7r 4 + 47T 2 ) X 2 

J V 945 45 / 


2 x“ 


Qg(x). 


945 7T 8 

Then, we have to determine sign of the polynomial 


Qg(x) = (128tt 6 - 10752t r 4 + 967680)x 8 + (-576 tt 7 + 48384tt 5 
-43 5 45607r)a; 7 + (11207T 8 - 96768?r 6 + 87091207r 2 )a; 6 
+ (-1232?r 9 + 112896 tt 7 - 101606407r 3 )a: 5 + (840 tt 10 
-81480tt 8 + 7620480?r 4 )a; 4 + (-3647T 11 + 38136?r 9 
-3810240 tt 5 )x 3 + (98?r 12 - 118027T 10 - 7560 tt 8 + 1270080tt 6 )x 2 
+ (—157r 13 + 21847r 11 +75607T 9 — 2721607r 7 )a;+7r 14 —1687T 12 
-1890 tt 10 +34020?r 8 , 


( 73 ) 


(74) 


for x£ ( 0 ,C 2 ). 

The fourth derivate of the polynomial Qg(x) is the polynomial of 4 th degree 

Qi iv) (x) = 1680(1287r 6 — 107507r 4 +967680)a: 4 +840(—5767r 7 + 48 3 847r 5 
-4354560 tt):e 3 + 360(11207r 8 - 96768?r 6 + 87091207r 2 )a; 2 
+ 120(-1232 tt 9 + 112896tt 7 - 10160640tt 3 ):e + 201607T 10 
-1955520tt 8 + 182891520tt 4 . 


Using MATLAB software we can determine the real numerical factorization of the 
polynomial 

Qg^^) = a(x 2 + pix + qi)(x 2 +P 2 X + q 2 ), (76) 

with values a = 7.29 ... 10 7 , pi = —0.798 ..., qi = 1.417 ..., p 2 = —6.27 ..., q 2 = 
11.111... . Also, holds that inequalies p\ — 4qi < 0 and p 2 — 4g 2 < 0 are true. The 
polynomial Q^ v \x) has no simple real roots but has two pairs of complex conjugate. 
Roots and constants pi, qi, p 2 , q 2 can be represented in symbolic form. The polynomial 
Q^ v \x) has no simple real roots for x € ^0, ^ and Qg"^(0) > 0. That means 

that Qg V \x) > 0 for x £ (0, C 2 ) C ^0, and the function Q g (x) is monotonically 

increasing for x G (0,C2). Further, Q s (c 2 ) < 0 and the function Q 8 (x) has the 
first positive root x = 1.00733... which follows that Q g (x) < 0 for x £ (0, C 2 ) C 
(0,1.00733 ...) and the function Q s (x) is monotonically decreasing function for x € 
(0, C 2 ). Qs ( C 2 ) > 0 and the function Q s (x) has the first positive root x = 0.45455 ... 
which follows that Qg ( x ) > 0 for x £ (0, C 2 ) C (0, 0.45455 ...) and the function Qg(x) 
is monotonically increasing function for x£(0, C 2 ). Qs(0) > 0 and the function Q s (x) 
has the first positive root x = 1.16834... which follows that Qg(x) > 0 for x £ 
(0, C 2 ) C (0,1.16834 ...) and the function Qg(x) is monotonically increasing function 
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00 

0 

< 0 

for 

*£(0,c 2 ) C (0,0.04383 

Qio(a;) 

> 0 

for 

xG (0, c 2 ) 

-'( i 

— x'j > 0 

for 

* £(0, C 2 ) 

f(x) > 0 

for 



for x £ ( 0 , 02 ). Since we have that Qs{c 2 ) < 0 and the function Qg(x ) has the first 
positive root x = 0.04383 ... we can conclude following: 


(77) 


Hence we proved that the function f(x) is positive on interval x £ (0,1.53] we conclude 
that the function /(*) is positive on whole interval xG ^0, 

The proof of Theorem 2.2. 

Transforming inequality 0 we have the following considerations. 

(C) Let us prove the left side of the inequality 


2 + 


S+ '<*>) 


x tan x < 


(^) a 


tan x 


(78) 


for xG ^0, The inequality (1751) is equivalent to the mixed trigonometric inequality 

f(x) = 1 — 8 a : 2 + hi (x) cos 4a; + h 2 (*) cos 2a; + /13 (a;) sin 2a; 

= 1 — 8 a : 2 — cos 4a; — 8 a : 2 cos 2a: + ^4* — 4 + c(*)^ x 5 ^ sin 2* > 0, 

for xG ^0, and hi{x) = —1 < 0, /i 2 (*) = — 8 a ; 2 < 0, h 3 (x) = 4a; —4 + c(x)j x 5 . 

Now let us consider two cases: 

(C/I) x £ (0, 0.98] Let us determine sign of the polynomial h 3 (x). As we see, that 
polynomial is the polynomial of 6 th degree 

h 3 (x) = P 6 (a;) = 4x—4 + c(xf) x 5 = + (-^ + ^|) x 5 +4x. (80) 

Using factorization of the polynomial Pq(x) we have 

4 (— 2x + 7r) ((87r 2 — 80)x 4 + 87rx 3 + 47r 2 :r 2 + 2tt^x + 7r 4 ) x 

(81) 


Pe(x) = 


m 4( ~ 2 x P )x p,(x), 

7T 5 

where 

P 4 (a;) = ( 87 t 2 — 80)x 4 + 8nx 3 + 4n 2 x 2 + 2tv 3 x + tt 4 , (82) 

for xG (0,0.98]. Using MATLAB software we can determine the real numerical factor¬ 
ization of the polynomial 

Pi( 3 :) = a(x — xi)(x — X 2 ){x 2 + px + q), (83) 

with values a = —1.043..., x\ = —1.524..., X 2 = 25.663..., p = 0.046..., q = 
2.387.... Also, holds that inequality p 2 — 4q < 0 is true. The polynomial Pn(x) has 
exactly two simple real roots with a symbolic radical representation and corresponding 
numerical values xi, X 2 . Since Pi(0) > 0 it follows that Pa(x) > 0 for xG (* 1 , 2 : 2 ), so 
we have following conclusion: 


Pi(*) > 0 for x G (0,0.98] C (* 1 , 0 : 2 ) 

Ps(*) > 0 for *£(0,0.98]. 


(84) 
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According to the Lemmas 2.3. and 2.4. and description of the method based on (14) 
and (IT), the following inequalities: cos y < ( y)(k = 12) , cos y < T^° s ’ ( y)(k = 

8), siny > 2Zfc m ’°(2/)(& = 7) are true, for y£ ^0, y/{k + 3 )(k + 4)^j. For xG (0,0.98] it 
is valid: 


fix) > Q 13 (x) = l-8x 2 -T? 2 S ’° (4x)-8x 2 tT s ’° {2x)+P 6 (x)Tf , 7 in ’ 0 (2x), 


where Qi 3 (*) is the polynomial 


Qi3(x) = (- 


1024 | 512 

)x 13 + 

( 1024 

637T 5 

1 3157T 3 

V 105?r 4 

'512 

256 \ 

r 11 4- ( 

512 

, 37T 5 

157T 3 / 


57T 4 

' 2560 256 

v 37r 5 37T 3 

)*’+( 

' 512 

- 7T 4 \ 


256 

315tt 2 


16384 ) a; 12 


128 3376 

+ 


467775 
10 


15n 2 


3ir 2 63/ 

/1280 128 \ 7 / 768 64 64 

-I .T + I--- 


14175> 

V 


X 


5 

16 x' 


t3 J 

-Qt{x) 


4 + tt 2 + 45/ 


467775 it 5 

for x G (0,0.98]. Then, we have to determine sign of the polynomial 


Qt{x) = (-47520tt 2 + 475200)x 7 + (1024 tt 5 + 23760tt 3 - 285120tt)x 6 
+ (498960tt 2 - 4989600)x 5 + (-6963 tt 5 - 249480tt 3 
+2993760tt)£ 4 + (-249 48007t 2 +24948000)x 3 + (297007t 5 
+ 12474007T 3 — 149688007r)a; 2 + (3742200 tt 2 - 37422000)x 
-41580 tt 5 - 1871100tt 3 + 22453200tt, 


(85) 


( 86 ) 


(87) 


for x G (0,0.98], which is the polynomial of 7 th degree. The third derivate of the 
polynomial Q 7 {x) is the polynomial of 4 th degree 

Q7(x) = 210(-47520tt 2 + 475200)a: 4 + 120(1024 tt 5 + 23760tt 3 

-285 1 207r)a; 3 + 60(498960 tt 2 - 4989600)a; 2 + 24(-6963 tt 5 (88) 

-249480tt 3 + 2993760tt)2: - 14968800tt 2 + 149688000. 

Using MATLAB software we can determine the real numerical factorization of the 
polynomial 

III 

Qj ( x) = a(x — xi){x — xf)ix — x 3 )(x — * 4 ), (89) 

with values a = 1.301... 10 6 , xi = —14.400..., xi = —0.776..., x 3 = 0.174..., 
3:4 = 0.768 .... The polynomial Q 7 (x) has exactly four simple real roots with a 
symbolic radical representation and the corresponding numerical values xi, X 2 , X 3 , £ 4 . 

/// / 7T \ 

The polynomial Q 7 (x) has two simple real roots on xG (^0, — J for x = x 3 and x = £ 4 . 

Also holds that Q 7 (0) > 0. That means that Q 7 (x) > 0 for x G (0, £3) U (£ 4 , 00) 
and Q 7 (x) < 0 for x G (£3,14) so the function Q 7 (x) is monotonically increasing 
for x G (0, £3) U (£4,00) and monotonically decreasing for x G (£3, £4). Q 7 (0) > 0, 
and Q 7 (0.98) > 0 and the function Q 7 (x) has no real roots on x G ^0, ^. That 

means that Q 7 {x) > 0 for x G ^0, ^ so the function Q 7 (x) is monotonically in¬ 
creasing for x G (0,J). <27(0) < 0, Q 7 (0.98) > 0 the function Q 7 {x) has real 

root for x = 0.30395... That means that Q 7 {x) < 0 for x G (0,0.30395...) and 
Q 7 (x) > 0 for x G (0.30395 ..., 00) so the function Q 7 {x) is monotonically decreasing for 
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x € (0, 0.11545 ...) and monotonically increasing for x £ (0.11545 ..., oo). Qt{ 0) < 0, 
Qt( 0.98) < 0 and function < 37 ( 3 :) has the first positive root x = 0.98609 .... That 
means that Qj{x) < 0 for x £(0,0.98]. We can conclude following: 


Qt(x) < 0 

for 

x £ (0,0.98] 

Ql3(x) > 0 

for 

x £ (0,0.98] 

f{x) > 0 

for 

a;£ (0,0.98] 


(90) 


Let us notice that x* = 0.98609 ... is also the first positive root of the approximation 
of the function f(x), i.e. of the polynomial Q 13 ( 0 ;), defined at (1861) . 

(C/II) x £ (o.98, Let us define the function 


fc) = f (%-*) = 

= l-8(^- x 
+ { 4 {^- X 


) 


1- 

2 


8 +hi(x) cos4x+fi2(x) cos 2x + h 3 (x) sin 2 * 


— cos 4x + 8 ( — — x ) 
- 4 ( +c ( ^ - x 


cos 2x 


(§-*) 

(!-*))(!-*)■) 


sin 2x, 


(91) 


7T 7r 4Q a 

where x £ ( 0 , 03 ) for C 3 = — — 0.98 = — — —(= 0.59079 ...) and h\(x) = —1 < 0, 

h 2 (x) = 8^-xf> 0, h 3 (x) = 4 g-*)-4(5 +c(J-x))(J- x)\ 

We are proving that the function f(x) > 0. 

It is important to find sign of the polynomial h 3 (x). As we see, that polynomial is the 
polynomial of 6 th degree 


h 3 (x) = P 6 (x) = 4 (| - x) - 4 (H + c (J - x)) (| - xf 
_ /640 _ 64 \ 6 /_ 1536 160 \ 5 /1440 160\ 

— I ~ I 0 C 1 I I - I 1 1 


+ + 80 ) x 3 + ( — - 20tt) x 2 + (27r 2 - 4) x. 


Using factorization of the polynomial P&(x) we have 

,- 5 ™ 1 O/l qo ^ 3_3 


Pe(x ) = —^(2x(tt — 2x)(n b — 8tt 5 x + 24tt 4 x 2 — 32tt 3 x 3 + 167r 2 a: 4 — 27r 4 

7T & 

+567r 3 a: — 2087r 2 x 2 + 3047ra; 3 — 160® 4 )) = 2x ( 7r r 2x ^ Pi(x), 


where 


P 4 ( x) = (16tt 2 - 160) x 4 + (304tt - 32tt 3 ) x 3 + (24tt 4 - 208tt 2 ) x 2 
+ (567T 3 — 87t 5 ) x + iv 6 — 2n 4 , 


(92) 


(93) 


(94) 


for x £( 0 , 03 ). Using MATLAB software we can determine the real numerical factor¬ 
ization of the polynomial 

Pa{x) = a(x — xi)(x — X 2 )(x 2 +px +g), (95) 


where a = —2.086 ..., x\ = —24.092 ..X 2 = 3.094 ... , p = —3.188 ..., q = 4.927 ... 
whereby the inequality p 2 — 4q < 0 is true. The polynomial Pi(x) has exactly two 
simple real roots with a symbolic radical representation and the corresponding numer¬ 
ical values xi, X 2 . Since we have that 7 * 4 ( 0 ) > 0 and knowing roots of the polynomial 
P/t(x) we have the following: 


p 4 ,(x) > 0 for 
P 6 (x) > 0 for 


x £ ( 0 , c 3 ) C (aq, £ 2 ) 
a;£ ( 0 ,c 3 ). 


(96) 
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According to the Lemmas 2.3. and 2.4. and description of the method based on (14) 
and (17), the following inequalities: cos y < T\ B '°(y)(k = 8) , cos y > T^ a '°{y)(k = 6), 
sin y > T^ n ’°(y)(k = 7) are true, for t/G ^0, (k + 3 )(k + 4) j . For a;£ (0, C3) it is valid: 


-x) -T, 


—cos,0 


f{x) = / — ay > Qis(a:) =1-5 

+8 - x^j 2 Tg OS '°(2x) + P 6 {x)T$ n ’°(2x), 

where Qi3(x) is the polynomial 


(4*) 


(97) 


a , s / 1024 , 512 \ 13 , ( 4096 
0i3 (a:) ( 637r 5 + 3157r 3 ) 1 + ( 10 5,r4 


256 


637T 2 J 


\ 12 , /512_ 5632 256 \ 


V 37T® 


+(- 

+ 


1057T 3 637t7 

9 


/_ 128 3712 _ 2048 \ ^.10 , (_ 2560 32 ^_ 320 1408 \ 

\ 63 637r 2 5ir 4 / \ 3rr 5 6 3 77r 3ix 3 J 

/6016 16 2 384 2048 \ 8 /736 2048 1280 208 \ 

V 315 315 7 r 2 7 r 4 / V 371 7t 3 7r® 45 ) 


+ ( 
+ 


/ 3520 _ 3072 16 2 _4352\ 

V 37i 2 7i 4 45 45 J 


„ , 480 2880 64 

x +(- l "K3 - + T 7r 1 X ~ 


' 1280 4 2 416 N 4 / 240 

--- 71 4-I X +- 


31571® 


-71 d - 

3 3 > 

x 3 Qio(x). 


■(' 
-2471^ x 3 


r ) ; 


(98) 


Then we have to determine sign of the polynomial 

Qio(x) = (-128ti 2 +1280) a: 10 +(3207r 3 -30727i) a: 9 +(-3207r 4 -f42247r 2 -13440) a : 8 
+ (l607i 5 - 46 407 i 3 + 322567 r) a: 7 +(-^07i 6 +36 007 i 4 -36960ti 2 467200) x 6 
+ (4ti 7 —15047i 5 +302407i 3 -16 12807r) * 5 +(3647r 6 -193 207r 4 +16 12807r 2 
- 100800) a: 4 +(- 287 i 7 + 76167 r 5 - 924 007i 3 + 241920 ti) x 3 + (-1680ti 6 
+ 3780071 4 — 22680071 2 ) a ; 2 +(105tt 7 - 109 207i 5 + 1008007i 3 ) x 
+ 1890ti 6 -1890071 4 , 


for x £ (0, C 3 ) which is the polynomial of 10 th degree. The sixth derivate of the 
polynomial Qio(a:) is the polynomial of 4 th degree 

Qio\ x ) = 151200(-128ti 2 + 1280)a: 4 + 60480(320 ti 3 - 30727i)a; 3 

+20160(-320ti 4 + 4224ti 2 - 13440)a; 2 + 5040(160 ti s - 4640ti 3 (100) 

+32 2 567i)x - 28 8 0071® + 2592000ti 4 - 26611200ti 2 + 48384000. 


Using MATLAB software we can determine the real numerical factorization of the 
polynomial Q^^x) = (x — xi)(x — X 2 )(x — X 3 )(x — X 4 ), (101) 

with values a = 2.523... 10®, x\ = —9.183..., X 2 = —0.226... , X 3 = 1.117..., 

a; 4 = 1.796.... 

The polynomial Qiq \x) has exactly four simple real roots with a symbolic radical 
representation and the corresponding numerical values: xi, X2, X3, X4. 

Since polynomial Q^\x) has root for x = X 3 whereby the Q^g^(O) > 0 we have the 
following Q^q\x) > 0 for x £ (0,03) C (0,0:3) and also the polynomial Qio^O®) is 
monotonically increasing function for a:£ (0, C3). 

Further, Q[ V q (x) has the first positive root for x = 0.16300... and Qi^(c 3) > 0 
which gives us that (x) < 0 for x £ (0,0.16300...) and Qj^(o;) > 0 for a; £ 
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(0.16300 . .., C 3 ), also Q^'q 1 (x) is monotonically decreasing function for x€(0, 0.16300. ..) 
and (x) is monotonically increasing function for x £ (0.16300 ..., C 3 ). 

Q[ Z q\x) has the first positive root for x = 0.55589 ... and Q^^O) < 0 and Qio^(cs) > 
0 which gives us that Q^q\x) < 0 for x £ (0, 0.55589 ...) and Q^q\x) > 0 for x £ 
(0.55589 . .., C3), also Q 10 (x) is monotonically decreasing function for x £ (0,0.55589 ...) 
and monotonically increasing function for x£ (0.55589 ... ,03). 

Qio( x ) has no root for x £ ( 0 , 03 ) and Q 10 ( 0 ) > 0 and Q 10 ( 0 ) > 0 which gives us 
that Qio(x) > 0 for x£ ( 0 , 03 ), also Q 10 (x) is monotonically increasing function for 
xe( 0 ,c 3 ). 

Qio(x) has the first positive root for x = 0.64192... and Q 10 (c 3 ) < 0 which gives 
us that Q io(x) < 0 for x £ ( 0 , 03 ) C (0,0.64192...), also Q 10 (x) is monotonically 
decreasing function for x£ ( 0 , 03 ). 

Q io(x) has no real root for x£(0, C 3 ) and Qio(c 3 ) > 0 which gives us that Qio(x) > 0 
for xe( 0 ,c 3 ), also Q io(x) is monotonically increasing function for x£( 0 ,C 3 ). Q io(x) 
has real root x = 0.66825 ... and Qio(cs) < 0 which gives us following 


ipio(x) < 0 for x£ (0, C3) C (0, 0.66825 ...) 

Qi 3 (x) > 0 for ie(0,c 3 ) 

0(x)m f - x) > 0 for xe(0,c 3 ) 


( 102 ) 


(»■*• 5 ) ■ 


=> f(x) >0 for x £ 

Hence we proved that the function /(x) is positive for x£ (0,0.98], we conclude that 
the function /(x) is positive for whole interval x£ ^0, ^ 

(D) Let us now prove the right side of the inequality 

- J 4-< 2 + — + d (x)J x s tanx for x£ ^0, — J. (103) 

The inequality (fl03l) is equivalent to the mixed trigonometric inequality 
/(x) = 8x 2 —l+/ii(x) cos4x+/i2(x) cos 2 x+/i 3 (x) sin2x 

= 8x 2 —l+cos4x+8x 2 cos2x+^4 ^/^- + d(x)^ x 5 —4x^ sin2x > 0, 

for x£ (0, ^), and /ii(x) = 1 > 0, /i 2 (x) = 8x 2 >0, /i 3 (x) = 4 + d(x)^ x 5 — 4x. 

Now, let us consider two cases: 

(D/I) x £ (0,1.43] Let us determine sign of the polynomial /i 3 (x). As we see, that 
polynomial is the polynomial of 7 th degree 

/i 3 (x) = Pt{x) = 4 x 5 —4x 

= *W—■-^V--xYV-4x ri05f 

= r 3840_384 K7+r _4480 + 448^ 6 ) + r i344_128^ 6 _ 


(104) 


5 -+ 3 / 


V 7T® 7T 4 

Using factorization of the polynomial P 7 (x) we have 


V 7T 4 


T 2 J 


x“-4x. 


P 7 (x) = —4x(—2x + 7T) 

(327r 3 x 4 — 487 t 2 x 5 + it 5 + 27r 4 x + 47T 3 x 2 + 87 r 2 x 3 — 3207TX 4 + 480x 5 ) 

1 - ^6 - Z ( 106 ) 

Ax(—2x + 7r)P^(x) 
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where 


Ps(*) = (480 — 48?r 2 )* 5 + (327 t 3 — 3207r)* 4 + 87 t 2 * 3 + 47t 3 * 2 + 27t 4 * + 7r 5 , (107) 

for * £ (0,1.43]. The first derivate of the polynomial Ps(*) is the polynomial of 4 th 
degree 

Ps (a;) = 5(480 - 48?r 2 )* 4 + 4(32 tt 3 - 320?r)* 3 + 24?r 2 * 2 + 8?r 3 * + 2tt 4 . (108) 


Using MATLAB software we can determine the real numerical factorization of the 
polynomial 


Pa(x) = a(x 2 +pix + qi){x 2 + p 2 * + (72), 


(109) 


where a = 31.294 ..., pi = 1.004 ..., qi = 0.647 ..., p 2 = —2.68 ..., <? 2 = 9.614 ... 
whereby the inequalities pf — 4q\ < 0 and p| — 4g 2 < 0 are true. 

The polynomial P 5 (*) has no real roots for interval * £ ^, Tj)’ P5 (0) > 0 which gives 

that P 5 (*) > 0 for *£ ^0, and it means that the function Ps(x) is monotonically 
increasing function for x G ^0, Further, the polynomial Ps(x) also has no real 
roots for xG ^0, , Ps(0) > 0, which gives that Ps(x) > 0 for xG ( 0 , 

Since the function P 7 (*) has real roots at x = 0 and x = we have the following 

conclusion 


Psix') > 0 for *£(0,1.43] 

V ; v - J ( 110 ) 

==> P 7 (*) < 0 for *£(0,1.43]. 

According to the Lemmas 2.3. and 2.4. and description of the method based on (14) 
and (17), the following inequalities: cos y > Tfc° s ’° (y)(k = 10) , sinp < Tj, m '°(p)(fc = 1) 
are true, for yG ^0, y/(k + 3)(fc + 4)^j. For *£ (0,1.43] it is valid: 


/(*)>Qi2(*) = 8* 2 -l+Tio S ’ 0 (4*)+8* 2 T c 1 ° s ’ 0 (2*)+P 7 (*)Fi in ’ 0 (2*), 

where Qi 2 (*) is the polynomial 

Qi2(*) = -- 


+ 


32 _ 12 , ( 5120 , 

512 

3376 \ 

* 10 

14175~ 

V 7 r 6 

7T 4 

14175/ 

/17920 

1792N i* 9 + 

/ 7680 

2560 

512 

V 37T 5 

3tt3 ) + 

V 7 + 

7T 4 

37T 2 

/ 8960 

\ 7T 5 


< 2688 

^ 7T 4 

256 

7T 2 

- —) *' 
45/ 

16 

X 6 Q6(x), 





+ 


35/ 


Then, we have to determine sign of the polynomial 


Qe( *) = 27r 6 * 6 + (21 l7r 6 — 453600-7T 2 +4536000)* 4 + (5292007T 3 

-5292000tt)* 3 + (-810tt 6 - 151200tt 4 + 2268000tt 2 - 6804000)* 2 
+ (- 793800tt 3 + 7938000?r)* + 315 tt 6 +226800?r 4 - 2381400?r 2 , 


( 111 ) 


( 112 ) 


(113) 


for * £ (0,1.43]. The second derivate of the polynomial Qe(x) is the polynomial of 4 th 
degree 


Qe (*) = 60?r 6 * 4 + 12(211?r 6 - 453600?r 2 + 4536000)* 2 + 6(529200?r 3 
-5292000?r)* - 1620?r 6 - 302400?r 4 + 4536000?r 2 - 13608000. 


(114) 


Using MATLAB software we can determine the real numerical factorization of the 
polynomial 
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Q 6 (x) = a(x 2 +Pix + qi){x 2 +P2X + q 2 ), 


( 115 ) 


where a = 57683.351 ...,pi= 0.413 ..., qi = 54.628 . .., p 2 = -0.413 . . q 2 = 0.046 ... 
whereby the inequalities p 2 — 4qi < 0 and p 2 — 4^2 < 0 are true. 

The polynomial Q & (x) has no real roots for interval x G ^, Q 6 (0) > 0 which 

gives that Qq(x) > 0 for x G ^0, and it means that the function Qq(x) is mono- 
tonically increasing function for xG ^0, 

Further, the polynomial Q§{x) also has no real roots for xG ^0, Q 6 ( 0) > 0, which 

gives that Qe{x) > 0 for xG ^0, ^. 

Since the function Qe (x) has 
we have the following: 


(116) 


Let us notice that x* = 1.43649 ... is also the first positive root of the approximation 
of the function f(x), i.e. of the polynomial Qi2(*), defined at (11121) . 

(D/II) x <E ^1.43, Let us define the function 

f (x)=f x ^j —8 — l+^i ( x) cos4x+fi2 (x) cos 2 x+ii 3 (a:) sin 2a: 


has real roots 

at x - 

= 1.436 ... and Q 6 (0) = -1.108 

Q'e(x) > 0 

for 

(0,1.43] C (0, J) 

Qe(x) < 0 

for 

xG (0,1.43] 

Qi 2 (x) > 0 

for 

xG (0,1.43] 

f(x) > 0 

for 

x G (0,1.43]. 


8^—*^ — l+cos4a:—8 cos2o; 

+( 4 (5 +d (i”*)) Gr x )) sin2x ’ 


(117) 


7T 7T 143 ^ x 

where xG (0, C4) for C4 =-1.43 =-(= 0.14...) and hi (x) = 1 > 0, h 2 (x) = 

8 (i^) 2 " 1 > °’ h (x) = 4 (3 +d Gr*)) (i” 1 ) 5 ” 4 Gr 1 )- 

We are proving that the function f(x) > 0. 

Further, it is important to find sign of the polynomial hz(x). As we see, that polyno¬ 
mial is the polynomial of 7 th degree 

Mx) = A(x)= 4 g+rfg-x))g -.) 5 - 4 (£-*) 


= 4 


(3 + ( 


160 16 \ 

—r - -3 ) x + 

1 r° / 


/ 960 _ 96 


) 3;2 ) ()7 — *) — 27t + 4* 


_ ^_3840 + 384^ + ^8960 _ 896^ ^ + ^_8064 + 800^ 


™-6 + „-4 J 


t 3 7 


(- 


(118) 


-r 2 7 ' 


/3360 320\ 4 560\ 3 „ 2 / „ 2 a 

+ ^—3 - J x + (^40-— J X s + 8nx + (—27r + 4) x. 

Using factorization of the polynomial Pt(x) we have: 

Pi(x) = —^ 2 ®( 7 r — 2 *)( 7 r 7 —27r 6 a; —247r 5 a: 2 -(-1127r 4 a: 3 — 1767 r 3 a ; 4 

+ 967rV - 2 tt 5 - 4tt 4 x + 272tt 3 * 2 -1 136tt 2 x 3 + 17607ra: 4 - 960a; 5 


2 x(tt—2x) 


j) (H9) 


P 5 (x), 


20 



where 


( 120 ) 


P s (a;) = (96tt 2 - 960)a; 5 + (1760tt - 1767r 3 )a: 4 + (1127r 4 - 11367r 2 ):r 3 

+ (272t r 3 - 247r 5 )x 2 - (4tt 4 + 27r 6 )a: + tt 7 - 2tt 5 , 

for x £ ( 0 , 04 ). The first derivate of the polynomial Ps(x) is the polynomial of 4 th 
degree 


Pg(x) =5(96TT 2 -960)x 4 +4{n60TT-n6n 3 )x 3 +3(112n 4 -1136n 2 )x 2 
+2(272tt 3 - 24tt 5 )x - (4 t r 4 + 2 tt 6 ). 


( 121 ) 


Using MATLAB software we can determine the real numerical factorization of the 
polynomial 

Psix) = a(x 2 + p\x + qi){x 2 + p 2 x + q 2 ), (122) 

where a = —62.589 ..., pi = —0.461 . .., qi = 7.871..., p 2 = —4.146 ..., q 2 = 4.693 ... 
whereby the inequalities p 2 — 4q\ < 0 and p 2 — 4q 2 < 0 are true. 

The polynomial Psix) has no real roots for interval xG(0,C4), -Ps(O) < 0 which gives 
that Pg(x) < 0 for x£ (0, C4), and it means that the function Psix) is monotonically 
increasing function for x € (0, C4). Further, the polynomial Psix) also has no real roots 
for ®g(0,C4), £ 5 ( 0 ) > 0, which gives that Psix) > 0 for x€(0,C4). 

Since the function Pt{x) has first positive root at x = — and -FV(O) = 0 we have the 
following: 


Psix) > 0 for *G(0, C4) 
Pt(x) < 0 for *£( 0 , 04 ). 


(123) 


According to the Lemmas 2.3. and 2.4. and description of the method based on (14) 


and (17), the following inequalities: cos y > T™ s ’ (p)(fc = 6) , cos y < T k ’ (p)(fc = 4), 
sin y < T k n ’°(y)(k = 5) are true, for y£ ^0, \J{k + 3)(£; + 4) j. For x£ (0, C 4 ) it is valid: 

fix) =/(J-x) > QMx) =8 (Z-xJ-l+T?*^) 


T. 


cos,0 


i2x) + P 7 ix)T s p° i2x) 


(124) 


where Qi 2 ix) is the polynomial 


Qi 2 ix) = (- 


1024 


+ 


a: 12 + 


+ 


/ 5120 
V -n-e 


512 \ 

57r 4 ) 

13312 640 

57r 4 37r 2 J 


/ 7168 _ 3584 \ n 
\ 37T 5 157T 3 ) 

^ ^ 10 + f_35840 + 6272 _ 256^ 


7680 11520 

' \ a ' A 


x~" + 
32 > 


37r 5 


37T / 


1216 
7r 2 3 


g /17920 6272 1280 32 


x + 


V 


TT J 


, H-1-7T I X' 

3 3tt 15 / 


(125) 


+ 


16128 7040 _ 8 ^ 2 _ 2848\ 

7T 4 37 r 2 15 45 / 


.4 


' 16 , 6720 640 \ 

-7T H---I . 


7 r / 


+ - 


1120 4 2 304 \ 4 4 a: 4 

5- + 3 w + ir) x = - 


Q 8 (2 


45 7 r 6 

Then, we have to determine sign of the polynomial 

Q s ix) =(-1152t r 2 + 11520)a: 8 + (2688 tt 3 - 26 8807r)a: 7 + (-2400 tt 4 
+29952tt 2 - 57600)a: 6 + (960 tt 5 - 23520tt 3 + 1344007r)a; 5 
+(-120 tt 6 + 13680tt 4 - 129600tt 2 + 86400)a; 4 + (-24 tt 7 
-4800tt 5 + 70560tt 3 - 201600tt)x 3 + (6tt 8 + 712tt 6 - 26400tt 4 
+ 1714407r 2 )a: 2 + (60 tt 7 + 7200t r 5 - 75600 tt 3 ):e - 15tt 8 
-1140tt 6 + 12600tt 4 , 


( 126 ) 
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for ie £ ( 0 , 04 ). The fourth derivate of the polynomial Qg(x ) is the polynomial of 4 th 
degree 


Qa v) (x) = 1680(-1152tt 2 + 11520)* 4 + 840(2688tt 3 - 26880tt)ie 3 

+360(-2400?r 4 + 29952tt 2 - 57600)* 2 + 120(960tt s - 23520tt 3 (127) 

+ 1344007t):e - 2880tt 6 + 328320tt 4 - 31104007T 2 + 2073600. 


Using MATLAB software we can determine the real numerical factorization of the 
polynomial 

Qg V \ x ) = a ( x ~ xi){x ~ x 2 )(x 2 +px + q), (128) 

where a = 2.523 ... 10 5 , xi = 0.627 x 2 = 1.89 ..p = -1.146 ..., q = 1.963 ... 
whereby the inequation p 2 — 4q < 0 is true. 

The polynomial Qg V \x ) has no real roots for interval x£ (0,04), < 2 g"^( 0 ) > 0 which 
gives that Qg V \x) > 0 for x £ ( 0 , C4), and it means that the function Q s ( x ) is 
monotonically increasing function for xG ( 0 , C4). 

Further, the polynomial Q s (x) also has no real roots for x £ (0, C4), Q 8 (0) > 0, which 
gives that Q s (ie) > 0 for x £ (0, C4) and means that polynomial Q s (x) is monotonically 
increasing function for ie £ (0, C4). The polynomial Qg(x) also has no real roots for 
x £ ( 0 , 04 ), Qg (04) < 0, which gives that Qg(x) < 0 for x £ (0, C4) and means that 
polynomial Qg(x) is monotonically decreasing function for *£( 0 , 04 ). The polynomial 
Qs(x) also has no real roots for x€ (0, C4), Qs(c4) > 0, which gives that Qg(x) > 0 for 
a: £ ( 0 , 04 ) and means that polynomial Qg{x) is monotonically increasing function for 
ie £ ( 0 , 04 ). The polynomial Qs(ie) has first positive real root at x = 0.38641 ... > C4, 
Qs{ca) < 0, which gives the following: 


G8(ie) < 0 

for 

IE£(0,C4) 

Qi2(ie) > 0 

for 

X £(0,C4) 

= f(^-x) > 0 

for 

x G (0,C 4 ) 

fix) > 0 

for 

«h«.|) 


(129) 


Hence we proved that the function f(x) is positive for xG (0,1.43], we conclude that 
the function f(x) is positive for whole interval xG ^0, 


4 . Conclusion 

With proving Theorem 2.1. and Theorem 2.2. is proved that is possible to ex¬ 
tend interval defined for inequalities given in Theorem 1.1. by fU) and Theorem 
1 .2. by ©. The subject of future paper work is to determine the maximum 
interval for which the inequalities given in previous theorems are true. 
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